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Significant economic benefits can be deri®ed from reducing the ®ariability of product
properties around their specification targets in batch reactors. End-use properties in
batch reactors using dynamic models that relate the operating conditions to the end-use
properties are related through a static nonlinear model to the molecular properties of the
product and are controlled directly. Their ®alues are required to lie in a desired target
region in the property space. The control of end-use product properties is formulated as
a nonlinear model predicti®e control problem, and an efficient numerical technique
using successi®e linearizations is utilized for the solution. A parameter adapti®e ex-
tended Kalman filter is used for state estimation of the molecular properties that are not
measured directly. The emulsion polymerization of styrene is chosen as a case study,
and an approximate mathematical model is de®eloped. The model is detailed enough to
predict the end-use properties, which depend on both the molecular weight and
particle-size distributions of the product. The end-use product properties, such as tensile
strength and melt index, are controlled in desired target regions by adding a monomer
and a chain transfer agent, as well as the flow rate of the coolant, as the manipulated
®ariables.

Introduction

There is a strong incentive in controlling the end of the
batch product property values so as to minimize the variabil-
ity in product quality. This is especially true for products
where there is no possibility of downstream blending to
achieve the desired specifications. The manipulation of prod-
uct properties by post processing is an impossible or ex-
tremely expensive task. This motivates the use of model-based
control techniques that aim to control the end-use properties
explicitly during the batch. Nonlinear model predictive con-

Ž .trol NLMPC provides an attractive framework to handle the
time varying and highly nonlinear batch processes, where the
control actions need to be taken early on the batch to be
effective. Furthermore, batch processes are characterized by
significant model uncertainties and infrequent and limited
measurements, which prompts the use of extended Kalman
filter for state and disturbance estimation.

The existing practice aims to control the molecular proper-
ties at the end of the batch, and, thus, control the end-use
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Žproperties indirectly Mutha et al., 1997; Tsen et al., 1996;
.Russel et al., 1998 . In the applications to emulsion polymer-

ization processes, the molecular weights, composition andror
particle-size averages can be chosen as the control variables
Ž .Dimitratos et al., 1994 . By controlling these molecular
properties, the related end-use properties are indirectly con-
trolled at their set points. The above approach has certain
drawbacks. First and foremost, there may not be enough de-
grees of freedom to control the specified molecular proper-
ties at the desired fixed targets, that is, the target set point
may not be reachable. Furthermore, in many cases, it is not
necessary to maintain all the molecular or end-use properties
at a specific target value for achieving the desired product
functionality. Considering these reasons, it is preferable to
control the end-use properties explicitly. In the present work,
a static relationship between molecular and end-use proper-
ties is appended to the fundamental dynamic model of the

Ž .process Figure 1 . With the use of such a model, a method-
ology for control of the end-use properties within bounded
regions is developed.

The defined on-line control problem consists of finding the
future inputs that would bring the process outputs to the de-

September 2002 Vol. 48, No. 9 AIChE Journal2006



Figure 1. Static end-use property model with first-prin-
ciples dynamic model for direct control of
end-use properties.

sired target region, subject to the constraints on the manipu-
lated variables and their rate of change. This formulation of
the end-use property control necessitates the introduction of
suitable techniques for the solution of the nonlinear model
predictive control problem. The possible options to solve this
problem can be broadly classified into two, the primal meth-
ods and the penalty methods, of which the former is more
preferred due to the reduced computational demands
Ž .Elwakeil and Arora, 1995 . One primal approach is to for-
mulate this as a min-max problem, which is then solved using

Ž .sequential quadratic programming SQP . A more efficient
technique uses successive linear approximation of the target
region to find the appropriate direction using a quadratic
programming subproblem. This method is found to perform
better than the min-max method in computational demands
and convergence properties.

The calculation of all future control moves at each time is
computationally demanding in batch model predictive con-
trol. Input parameterization is a suitable procedure to cir-

Ž .cumvent this difficulty Goh and Teo, 1988 . The inputs for
the rest of the batch time are parameterized in terms of a
few parameters using Lagrange polynomials. With this ap-
proach, the decision variables in the control problem are the
reduced number of parameters characterizing the assumed
polynomial rather than the input values at each sample inter-
val. Thus, the computational demands are reduced without
sacrificing the advantages of a control horizon extending to
the end of the batch.

Table 1. Parameters Used for Modeling Emulsion Polymer-
ization of Styrene

Parameter Value
16 y1Ž .k 4.5�10 exp y140,200rRT sd

7 3Ž .k 2.17�10 exp y3,905rT dmrmolrsp0
® 0.0383f m c

� 1.85
6k 1.05�10ad j

3� 923.6y0.887T grdmm c
3� 1,050.1y0.621T grdmp c

k kt w t 0
9 3Ž .k 6.2�10 exp y1,747rT dmrmolrst 0

f 0.7d y5 3k 2.7�10 dmrmolrsf m y6 2D 5.0�10 cm rsw y6 2D 5.0�10 cm rsp
� 0.3

m 1,600d y4k 17.0�10 kct a p0

Table 2. Parameters for Discretized PSD of the Seed and
Other Process Parameters

No. of Particles Value Swollen Dia. of Seed Value
17N 20�10 D 90 nm1 1
17N 80�10 D 150 nm2 2
17N 20�10 D 250 nm3 3

Batch processes are also characterized by significant model
uncertainties and a limited number of noisy measurements.
For emulsion polymerization processes of interest here, im-
portant molecular properties related to molecular weight av-
erages are not measurable on-line. Furthermore, in most
cases, the end-use properties that need to be controlled are

Žnot measured directly on-line. A state estimator extended
.Kalman filter is useful under these circumstances to esti-

mate the important unmeasured properties using the avail-
able measurements. A parameter adaptive extended Kalman

Ž .filter PAEKF is used where the parameters are added as
biases to the key states in the system. The process noise co-
variance matrix for the filter is obtained by a procedure uti-
lizing the known parameter covariance matrix proposed by

Ž .Valappil and Georgakis 2000 . For the time varying and non-
linear batch process like the emulsion polymerization process
studied here, the tuning technique significantly reduces the

Žtime requirements for the EKF implementation Valappil and
.Georgakis, 1999, 2000 .

The emulsion polymerization process for styrene is chosen
as an example to study the effectiveness of the above
methodologies. The main motivation to study this process is
that the control of end-use properties is important in emul-
sion products and these processes are inherently very nonlin-
ear. The use of the population balance approach to modeling
emulsion processes involves the solving of integro-partial dif-
ferential equations to obtain the desired distributions. Using
these detailed models on-line for predictive control can be a
very computationally demanding task. An alternate approach
is used here, and this involves treating a reduced number of
representative populations, which are modeled individually.
A mathematical model previously developed for bi-disperse

Ž .population by Liotta 1996 is used for modeling the process.
For modeling the molecular weight distribution, moment
transformations are utilized. This reduces the model to the
scale where they can be used on-line for state estimation and
model-based control. Properties like tensile strength and melt
index can be related to the molecular properties of styrene.
The manipulated variables available for control are the addi-
tion rate of the monomer, and the chain transfer agent, as
well as the flow rate of coolant. Process-model mismatch in
the form of parametric uncertainties and disturbances com-
monly encountered in these processes are used to test the
proposed methodology.

NLMPC of Batch End-use Properties in Target
Regions

Many of the features of batch processes such as variability,
high nonlinearities and plant-model mismatch, make batch
control difficult. For the control actions to be effective, these
actions should be taken early in the batch. NLMPC provides
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Figure 2. Target regions for different product specifica-
tions in polyethylene.

a suitable framework for handling the time varying nature of
the batch process, while respecting the process and equip-
ment constraints.

The nonlinear model predictive control problem studied
here is different from the previous studies in that the objec-
tive is to bring the end-use properties to a desired target re-
gion rather than a target point. The formulation introduced

Ž .uses the shrinking horizon SHMPC methodology, but with a
different end-of-batch objective. Efficient optimization meth-
ods are used, which improve both the computational aspects
and the convergence of the controller. The control methodol-
ogy presented in this article considers the nonlinear nature of
a batch process, is multivariable, and can handle constraints
on the states, outputs and inputs.

Target regions for end-use property control
The desired values of the end-use properties are deter-

mined by the intended use of the product. In many practical
situations, the interest is in ensuring that the particular prod-
uct properties lie in a certain range of specifications. An ex-
ample is the case of polyethylene where the desired proper-
ties, melt index and the density, need to be maintained within
certain regions to produce a product with the desired proper-

Ž .ties Figure 2 . A more general approach to the problem is
presented here, whereby the end-use properties are required
to lie in a target range. There are other relevant reasons to
consider the target region for end-use properties. The alter-
native to considering the target region is to select a point
within the specification region and try to control the proper-
ties at this set point. This point would prerferably be at the
center of the region to reduce the effect of disturbances or
model error. However, the drawback to this approach is that
the selected set point may not be reachable with the available
manipulated variables. The reachable regions are not known

Ž .a priori especially for new products , and, thus, the reacha-
bility of the desired set point cannot be quickly ascertained
without extensive simulations. Furthermore, the reachable
regions change with the character and the magnitude of the
disturbance presently affecting the process. In the case that
the desired set point is not reachable, the nonlinear model
predictive controller would guide the process so that the

product end-use properties are closest to the set point. This
does not necessarily satisfy the product specification con-
straints, thus resulting in a wasted batch.

The end-use properties can be related to the molecular
properties of the product at the end of the batch using the
available static model. These models could be obtained from
fundamental knowledge or could be data-driven. Data-driven

Ž .techniques like partial least squares PLS and artificial neu-
Ž .ral networks ANN can be used to fit a nonlinear model

between the two sets of variables. Also, group contribution
methods have found an application in relating to the proper-

Ž .ties of polymer products Krevlen, 1990 . The molecular
properties are functions of states at the end of the batch.
Thus, a nonlinear functional relationship between the end-use
product properties and the state values can be obtained as
given below

z sq x 1Ž . Ž .f f

where z is a vector of quality variables, x are the states off f
the system at the end of the batch, and q denotes the func-
tional relationship between the states and the properties.

The requirement that the end-use properties lie in the tar-
get region Q can then be transformed into a set of quality
constraints in the form of nonlinear equalities and inequali-
ties. A target region Q, of arbitrary shape, can be repre-
sented this way

q x :Qm q x F0; q x s0 2Ž . Ž . Ž . Ž .� 4f 1 f 2 f

This mixed sex of equalities and inequalities can be con-
verted to a set of inequalities using the absolute values of
equalities

� �q x F0, q x F0 3Ž . Ž . Ž .� 41 f 2 f

The representation of a target region in terms of states can
be given as

r x F0 4Ž . Ž .� 4f

Ž .Here, r x denotes the target region constraints in terms off
the end of the batch states.

It needs to be noted that different types of end-use proper-
ties can be represented this way. For example, in the simplest
case of interval constraints, each constraint would be repre-
sented by

q x yq F0; q yq x F0 5Ž . Ž . Ž .i f u l i f

where q and q represent the lower and upper bounds onl u
the quality variable, q . An example of the target regions fori
control purposes is shown in Figure 2.

Reachable Regions for End-use Properties. The concept of
reachability is important in the framework of end-use prop-
erty control, since the interest is in attaining a target set for
the properties at the end of the batch. The ability of the sys-
tem to reach this target region with the available inputs has
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implications on the success of the control strategy. For a non-
linear continuous time system, a reachable region is defined

Ž . Ž .as the envelope of states, x t that can be reached from x tf 0
through the use of all available control actions. For end-use
properties, the reachable region can be defined as the value
of the end-use properties that can be attained starting from a
certain initial condition, and by considering the constraints
on the input variables that define a set of recipes that can be
followed. The reachable region is difficult to determine ana-
lytically and tends to be quite nonconvex, as the system is
nonlinear and the desired product properties are calculated
at the end of the batch. Furthermore, the reachable regions
are also affected by the possible disturbances that could en-
ter during the batch.

For the cases where the target region of the end-use prop-
erties is not completely reachable, the approach proposed in
this article is especially valuable. In these cases, selecting a
specific set point within the reachable region for the control
of the end-use properties is very difficult, since the reachable
regions are not known a priori, and can change. Considera-
tion of the target region itself in a control calculation can
improve the convergence properties and reduce the computa-
tional demands of the controller.

Nonlinear model predicti©e control formulation
Consider the nonlinear batch process in the state space

form as shown below

dx
s f x , u , p , d , t 6Ž . Ž .

dt

Here x denotes the system states, u the manipulated vari-
ables, p the model parameters, and d the disturbances enter-
ing the system. The covariance matrix for the parameters is
also assumed to be available from the parameter estimation
step. The model parameters are assumed to be normally dis-
tributed with the mean and covariance as given below.

w xE p s pnom

TE py p py p sC 7Ž .Ž . Ž .nom nom p

where p denotes the nominal parameter values and C isnom p
the parameter covariance matrix.

At each controller execution, the objective is to determine
the current and future moves of the manipulated variable that
would bring the states at the end of the batch to the desired
target region. The prediction horizon is, thus, varying with
time and becomes smaller as the batch progresses. This is
termed as shrinking horizon model predictive control, and has

Žbeen used widely for batch model predictive control Thomas
.et al., 1997; Liotta, 1996; Liotta et al., 1997b . In the com-

monly accepted formulation of SHMPC problem, the mini-
mization of an objective function that represents the devia-
tion from the end of the batch set point is considered. Non-
linear programming methods that minimize this objective
function are used to calculate the control actions. This for-

mulation can be given as

min I z y z spIf f
u

dx
subject to s f x , u , p , d , tŽ .

dt

x ts0 s xŽ . 0

h x � F0; tF� F tŽ .Ž . f

Au � Fb ; tF� F t 8Ž . Ž .f

where z represents the properties of interest and z sp is thef
set point for these properties. In some cases, a weighted ob-
jective function is utilized to give more importance to one

Ž .property than the other. The term h x represents the non-
linear constraints on the states. The last term denotes the
constraints on the manipulated variables and their rates of
change, which can be represented as linear inequalities in the
manipulated variables u.

The above formation is suited for a case where there is a
target set point at the end of the batch. For the reasons stated
previously, the interest here is for the end-use properties to
lie inside a region at the end of the batch. The control prob-
lem at each sampling time is therefore formulated as finding
inputs such that the process states at the end of the batch
satisfy the constraints defining the desired region

Find u� r x F0� 4Ž .f

dx
s f x , u , p , d , tŽ .

dt

x ts0 s xŽ . 0

h x � F0; tF� F tŽ .Ž . f

Au � Fb ; tF� F t 9Ž . Ž .f

Since the states are determined by the control actions dur-
ing the batch, the end-point inequalities can be represented
in terms of the inputs, u as shown below

r x F0 m g u F0 10� 4Ž . Ž . Ž .� 4f

The nonlinear model predictive control problem can, thus,
be formulated as solving these set of nonlinear inequalities
subject to the constraints

Find u� g u F0� 4Ž .
dx

s f x , u , p , d , tŽ .
dt

x ts0 s xŽ . 0

w xh x � F0; tF� F tŽ . f

Au � Fb ; tF� F t 11Ž . Ž .f

A few things need to be noted about the above formulation
for end-use property control. The inequalities that represent
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the target region are nonlinear functions of the inputs. Also,
in most cases, the inequalities tend to be nonconvex func-
tions of the inputs. Thus, the solution of the above problem
is very difficult, and the existence of a solution cannot be
guaranteed. The above formulation considers the constraints
on the inputs to be linear. This is quite realistic as these are
mostly hard bounds on the absolute values of the inputs or
their rate of change. The constraints on the states of the sys-

Ž .tem or other variables during the batch path constraints can
also become important in certain applications. An example is
the reactor temperature, which might often need to be main-
tained within certain limits during the batch. These path con-
straints are also functions of input values and are handled by
augmenting them along with the target region constraints for
the solution. They are not explicitly considered separate in
the discussion of solution methods.

Input Parameterization in Model Predicti®e Control. The
implementation of the NLMPC involves the calculation of the
necessary manipulated variables into the future. It is compu-
tationally demanding to determine all the future control
moves using nonlinear optimization. First, the dimensions of
the problem would be very large. Furthermore, the conver-
gence properties suffer with the increase in the size of the
problem. The solution is to parameterize the inputs with the
appropriate, reduced number of parameters. Parameteriza-
tion is implicitly used in many commercial model predictive
control packages, in the form of input blocking or other forms.
In batch optimal control, the method of orthogonal colloca-
tions has also been used for performing input parameteriza-
tion.

A Lagrange polynomial approximation approach is used
here for input parameterization, whereby the parameters are
the values of the inputs at certain future time intervals. Ma-
nipulated variables at other time instants can be represented
in terms of the parameters as

npar ty tŽ .Ł j
u t s ® js1, 2, . . . , n j� i 12Ž . Ž .Ý i part y tŽ .Ł i jis1

where n is the number of parameters. This gives the valuepar
of input u at any time t in terms of the parameters ® thati

Ž .are the values of u t at time t . For a discrete controlleri
Ž .implementation, a constant value for u t during the sample
Ž .interval is obtained by averaging the u t values. The vector

of averaged values for future instants u can be given as linear
combination of the parameters ®i

us�© 13Ž .

where u denotes the input values at the future sample inter-
vals, © represents the parameters characterizing the input
profile and � is a matrix of appropriate size. Here, the ma-
trix � remains unaltered while the calculations at a particu-
lar time instant are performed. The controller determines the
values of the parameter vector ®, which is the used in Eq. 13
to find the future input values.

State estimation
The successful application of a model based control is very

dependent on the proper estimation of the present and fu-

ture states. This is especially true for the control of the end-
of-batch properties, as the properties are not measured on-
line and the prediction horizon is substantially long, espe-
cially at the beginning of the batch. This prompts the use of
state estimators to estimate on-line the unmeasured states
and disturbances while accounting for the process-model mis-
match. The recursive nature of the EKF and its ability to
account for the model uncertainties in a transparent way
makes the EKF a suitable choice for this application.

The performance of the EKF depends on the validity of
the model. If the model predictions are highly biased, the
EKF would perform poorly, giving estimates that are biased
or highly uncertain. A solution to this is the use of parameter
adaptive extended Kalman filter, where certain fictitious pa-
rameters are estimated along with the states using the avail-
able measurements. In the PAEKF, the system states are
augmented with adapted parameters � to form the aug-
mented state space system as shown below

d wx fs q 14Ž .ž / ž / wž /� 0dt �

The covariance matrix for the augmented system and the
augmented state space matrix are appropriately given

� f � fP Px x�
P s ; A s 15Ž .� x ��a aP P� x � 0 0

The successful application of the EKF is dependent on the
specification of values of the process noise covariance matrix
Q. This value determines the confidence the filter places on
the model. A methodology for systematically specifying Q

Ž .proposed in Valappil and Georgakis 2000 is used here. This
technique uses a linearization approach to translate the in-
formation about model uncertainty to Q. For this, the param-
eters in the model are assumed to be normally distributed
with the mean as the nominal value of the parameter and the
covariance from the parameter covariance matrix. The pro-
cess noise convariance matrix is time varying and calculated
on-line as

TQs J t C J t 16Ž . Ž . Ž .p p p

where J is the sensitivity matrix with respect to the parame-p
ters. The value Q obtained above is used in the EKF equa-
tion for state covariance propagation.

Solution Methods for the NLMPC Problem
The nonlinear model predictive control of end-use proper-

ties needs to be solved on-line at each time step with the
estimated states from EKF. Hence, the computational effi-
ciency and the convergence properties of the numerical
methods that are used for the solution becomes important.
The existing formulations of batch MPC use the approach of
the minimization of a weighted objective function. For the
control of end-use properties, the target region constraints
are of primary importance. The use of optimization methods
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tailored to the problem under investigation is important for
the successful application of NLMPC. Numerical algorithms
to find the initial feasible points for constrained optimization
problems, can be utilized for the solution of the end-use
property control problem presented in the subsection titled
‘‘Nonlinear model predictive control formulation.’’ A com-

parison of a few methods for finding initial feasible points in
Ž .nonlinear programming is given in Elwakeil and Arora 1995 .

It is recognized that this problem is as hard as solving the
nonlinear optimization problem. A broad classification of this
problem can be done in two groups, penalty and primal
methods. The penalty methods use a quadratic penalty with
all the constraints together and use it as an objective function
for unconstrained minimization. Their performance is depen-
dent on the penalty parameters and the strategy for updating
the parameters. Primal methods consider the constraints di-
rectly in the algorithm and have been shown to be computa-

Žtionally superior to the penalty methods Elwakeil and Arora,
.1995 .

Two different solution methods that belong to the primal
group of algorithms and suitable for the end-use property
control are studied here. An accepted approach, used fre-
quently for such problems, is to use to min-max problem for-
mulation. This involves the use of conventional nonlinear
programming techniques for the solution, and is studied first.
Newton type approaches have also been used for solving these

Žtypes of problems Mayne and Sahba, 1985; Mayne et al.,
.1981; Chen and Kostreva, 1999 . The second method utilized

here is a Newton type based on the successive linearization
of the feasible ratio with a modification to improve the con-
vergence properties and the speed of the algorithm. These
methods are described in the following sections.

Min-max method
The NLMPC problem can be formulated as a min-max

problem by treating the target region constraints as objective
functions to reduce their values until the feasible solution is
obtained. The constraint with a maximum value is treated as
the objective to be minimized. This min-max formulation is
given by

min - max r x , is1, 2, . . . , mŽ .� 4i f
u i

dx
s f x , u , p , d , tŽ .

dt

x ts0 s xŽ . 0

Au � Fb ; tF� F t 17Ž . Ž .f

where m denotes the number of inequalities defining the
Ž .end-point constraints Eq. 4 . Different methodologies exist

in the literature to solve min-max problems. A very efficient
solution technique is the sequential quadratic programming
Ž .SQP method. Here, the inequalities are treated as objective
functions and their values and their gradients are used in
SQP. Many of the numerical routines that solve min-max
problems utilize this approach, which is also used for the
min-max solution in this work.

The solution to this problem involves a quadratic approxi-
mation to the objective function with a quasi-Newton Hes-
sian update. This increases the computational demands with-
out much added benefit, as we are interested in getting a
solution that satisfies the target region constraints. Also, the
min-max formulation results in solving a nondifferentiable
optimization problem, which is more difficult than a differen-
tiable optimization problem. This prompts the consideration
of alternate methods that are more tailored to the problem
of controlling the end-use properties within a region.

Successi©e target region linearization method
Newton type methods are widely used for the solution of

nonlinear equations and inequalities. These methods are
characterized by good computational speed and convergence
properties. A Newton type approach for the solution of non-
linear inequalities that successively linearizes the nonlinear

Ž .problem was presented by Mayne and Sahba 1985 . The
method was shown to be quite efficient in solving nonlinear
inequalities, and the convergence properties are well estab-

Ž .lished Sahba, 1987 . This approach with suitable modifica-
tion is utilized here for calculation of the controller moves.

As presented in the subsection titled ‘‘Nonlinear model
predictive control formulation,’’ the target region constraints
can be represented as nonlinear inequalities in the inputs for
the rest of the batch. The maximum of this set of inequalities
is defined as

� u smax g u rjs1, 2, . . . , m 18Ž . Ž . Ž .� 4j

and the first-order approximation to the above function given
ˆŽ .by � u

�̂ u smax g u q�g u � urjs1, 2, . . . , m 19Ž . Ž . Ž . Ž .� 4j j

where � u denotes the change in inputs. The Newton type
approach is based on linearizing the target region of interest
successively until a solution that satisfies all the inequalities
is obtained. At each iteration, the values of the target region
constraints and their gradients are used to define a quadratic

Ž .program QP that finds a Newton step towards the target
region. Utilizing the above Newton step, the decision vari-
ables can be updated until all the target region constraints
are satisfied.

The conventional Newton type approach based on succes-
sive linear approximation fails when the linearization makes
the problem infeasible. This can happen if the initial guess is
far from the solution or when the target region constraints
are very stringent, thus resulting in an infeasible quadratic
program. A modification to the above procedure was re-

Ž .ported in Mayne and Sahba 1985 and is suitable to handle
this drawback. Another motivation for the same modification
is the possible improvement in the efficiency of the algo-
rithm. The modification is such that the new vector uq	u
lies in the interior of the linearized feasible region, if there is
a feasible solution to the same. Otherwise, the linearized
constraints are relaxed to accommodate a temporary feasible
solution. In this case, the direction vector is obtained as a
solution to the quadratic program given as follows:
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� � 4min � u � u
u

ˆ0g u q�g u � uF� uŽ . Ž . Ž .


Auq A� uFb 20Ž .

where � u denotes the step, �g denotes the gradient of the
target region constraints with respect to the input and the

ˆ0Ž .value of � u is obtained as


ˆ0 ˆ0� u smax � u ,y
 21Ž . Ž . Ž .� 4


ˆ0Ž .Here, 
 is chosen by the user and � u is estimated from a
calculation as below

�̂ u smin - max g u q�g u � urjs1, 2, . . . , mŽ . Ž . Ž .� 40 j j
u j

I� uI FL�

Auq A� uFb 22Ž .

where L is a suitably chosen positive number. The norm con-
straint is utilized to avoid any unbounded solution. The above

Ž .min-max problem Eq. 22 is linear and can be solved as a
linear programming problem

� 4min c
u ,c

g u q�g u � uFcŽ . Ž .
Auq A� uFb

I� uI FL 23Ž .�

where the variable c is a scalar. If c�0, the linearized con-
straint set is infeasible; hence, this value is used in Eq. 20 for
ˆ0� . Otherwise, the value from Eq. 21 is utilized, which ap-


proximately selects the amount to move the linearized con-
Ž .straints which are feasible to the interior of the target re-

gion.
Once the direction vector � u is selected, an adequate step

is taken in this direction to reduce the values of the inequal-
ity functions. An Armijo rule is used to select the appropriate

Ž .move Mayne and Sahba, 1985 . For this, it is required that
the step-size be such that the actual reduction in � be at
least half the estimated reduction. The estimated reduction is

Ž .based on the linear approximation to the constraints Eq. 25 .
The procedure is repeated till no significant improvement in
the function � is obtained, which can be represented as

I� u y� u IF� 24Ž . Ž . Ž .kq1 k

where � is the tolerance criterion for stopping the algorithm
and u denotes the inputs at iteration k. The complete algo-k
rithm for the control move calculation is given below.

Algorithm for control ®ariable calculation.
Ž .1 Inputs

� Ž . Ž . � 2u , 
 g 0,1 , LG1, � g 0,1 Define set Ss 1, � , � ,0
4. . .
Ž . � Ž .2 Set is0, 
 s
 � u0 0

ˆŽ . Ž . Ž3 Linear programming step: compute � u Eqs. 22 and0 i
.21
Ž . Ž .4 Quadratic programming step: compute � u Eq. 20i
Ž . Ž .5 Compute 
 s
 u , the largest 
 in S such thati 
 i i

� u q
� u y� u F
� u , � u r2 25Ž . Ž .Ž . Ž .i i i i i

where

ˆ� u , � u s� u , � u y� u 26Ž . Ž .Ž . Ž .i i i i i

Ž .6 Set u su q
	uiq1 i i
Ž .Go to step 3 if convergence conditions Eq. 24 are not

satisfied.
The above algorithm is very suitable for the problem under

consideration. First, the modification in step 3 ensures that
the method does not stop if there is no solution to the lin-
earized problem. It is quite possible that linearization of the
problem can destroy the feasibility in some cases. As is clear
from Eq. 21, the linear constraints on manipulated variables
are also considered at each iteration of the algorithm. Thus,
once the initial guess of inputs is feasible, all the subsequent
values are feasible. This is a desirable property as it ensures
that the input values that do not make any sense do not oc-
cur during the iteration. An example is the flow rate of a
monomer, which cannot be negative. Previous studies on us-
ing the iterative calculation of step response coefficients, by
perturbing the model, are similar to the above method. The
advantages of this approach compared to the previous studies
are that it is multivariable, constrained and can calculate
multiple moves into the future.

Different conditions can be used for stopping the algo-
rithm. One way is to stop once all the constraints are satis-

Ž .fied, that is, when � u equals zero. However, such a policy
would be susceptible to disturbances and uncertainties that
can enter the batch, because the properties are controlled at
the boundaries of the target region. The stopping criterion
used for this algorithm is based on the minimum of the con-

Ž .straint that is under maximum violation Eq. 24 . The above
stopping criterion implies that the controller will move the
product properties at the end of the batch to the interior of
the target region.

Calculation of Target Region Constraints and Their Gradi-
ents. The numerical algorithms described earlier require the
values of the target region constraints and their gradients.
This is obtained by integrating the nonlinear model for the
batch process. Finite difference gradients are not recom-
mended for use in Newton type methods, whose convergence
depends on gradient information. The gradients here are ob-
tained by sensitivity analysis, utilizing the equation for the
time evolution of the sensitivity of the states with respect to
inputs

d � x � f � x � f
s q

dt � u � x � u � u

� x
s0 27Ž .

Ž .� u ts 0

The sensitivity equations are solved simultaneously along
with the nonlinear equations using the program ODESSA
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Ž .Leis and Kramer, 1988 . The nonlinear relationship between
the end-use properties and the states is used to then find the
gradients of the constraints of the target region �g

� x� g � r fs 28Ž .
� u � x � uf

Case Study: Emulsion Polymerization of Styrene
There is a strong interest in the control of emulsion poly-

merization reactors, as it provides the capability of producing
polymers with special properties and performance. Emulsion
processes are widely used for the manufacture of latex paints,
adhesives, coatings and textile products. The importance of
controlling end-use properties in these processes have been

Ž .recognized Dimitratos et al., 1994 . The lack of adequate
process and end-use property models and on-line measure-
ments has been cited as the main problems for model-based
control of emulsion polymerization processes.

The emulsion polymerization process represents an ideal
choice for demonstrating the methodologies in this article.
The dynamics of the process is very challenging due to the
gel-effect and the inherent nonlinear nature. Secondly, many
of the products from emulsion processes are value added, and
the control of end-use properties is very important.

Mathematical model for emulsion polymerization of styrene
Different approaches can be used for developing a mathe-

matical model for emulsion polymerization. One approach is
to take the fundamental path and postulate the detailed
equations for the polymerization process. A very comprehen-
sive work on modeling emulsion polymerization using popu-

Ž .lation balance approach was reported by Min 1976 . Such an
approach has the advantage that it considers all the neces-
sary phenomena. However, using these models involves solv-
ing integro-partial differential equations for the evolution of
particle sizes and molecular weights during the batch. On the
other hand, semi-empirical equations have been proposed for
modeling different phenomena in emulsion polymerization.
An intermediate approach between a fundamental and a
semi-empirical model is taken here in modeling the styrene
polymerization system. This is based on a model previously

Ž .developed by Liotta 1996 for bi-disperse particle size popu-
lations.

Ž .The particle-size distribution PSD of a latex product is an
important characteristic due to its influence on the end-use
properties. When the polymer latex is employed as paint,
many of the end-use properties are directly related to the
PSD of the polymer. This includes properties like scrub resis-
tance, covering capacity and film forming ability. In other
uses, the end-use properties are indirectly related to the PSD.
In these cases, the molecular-weight distribution influences
the end-use properties to a great extent and their final values
are determined by the development of molecular architecture
during the batch. The molecular-weight and particle-size dis-
tribution are dependent on each other due to the compart-
mentalized nature of the system.

A practical approach to modeling the emulsion polymer-
ization system is pursued here. The PSD is discretized into a

reduced number of populations, chosen based on statistical
and physical arguments. The growth of these populations are
modeled individually. The molecular weight part is handled
by using moment transformations and retaining the first three
moments of MWD. The moments for each particle-size pop-
ulation are modeled and are used to calculate the moments
of the MWD for the overall polymer product. This is suffi-
cient to predict the number and weight average molecular
weights, and, hence, the end-use properties that depend on
these average molecular weights.

Particle size e®olution model. The particle-size distribution
Ž .model is obtained from the study reported in Liotta 1996 ,

where a bi-disperse model was presented. This was extended
to the more general case with an appropriately chosen num-
ber of populations. The model involves macroscopic balances
for the number of particles in each population and heat bal-
ance for the reactor. The rate of polymerization is modeled

Ž .with the gel effect correlations reported in Liotta 1996 .
The average number of radicals per particle are some of

the most important and most difficult to predict states in the
system. These states are decided by a combination of com-
plex phenomena including radical entry into the particles,
radical desorption, and radical termination in the particles.
Traditionally, Smith Ewart recursion equations have been
used to predict them. A different approach proposed in Li

Ž .and Brooks 1993 is used here. The balance for the average
number of radicals per particle n for each population can bei
given as

dn f ki i ts� yk n y n 29Ž .i i i idt V Nsi a

where � is the radical absorption rate, k is the desorptioni i
rate constant for the population number, i and k is the radi-t
cal termination coefficient, and V is the swollen volume. Thesi
aqueous phase radical balance, radical absorption, desorp-
tion and termination in the particles are obtained using cor-
relations reported in the literature and explained in more de-

Ž .tail in Valappil 2001 .
Model for Molecular Weight A®erages: Rate Processes Influ-

encing the MWD. For accurate prediction of the MWD, all
the important kinetic events that occur during the polymer-
ization must be taken into account. Different rate processes
such as radical entry to the particles, propagation, radical exit,
termination and chain transfer influence the molecular weight
of the final product. Of these, chain transfer and termination
are the most important in deciding the MWD. In emulsion
polymerization systems, the MWD and PSD depends on each
other and cannot be treated independently. Exceptions occur
when the chain transfer reactions dominate the other reac-
tions, in which case, the entry or exit of radicals have little
effect on MWD. Although a chain transfer agent is used here,
we do not necessarily assume operation in a chain transfer
dominant regime. An approach that is compatible with the
method of discretization of the PSD is used here. The radi-
cals balance for each population is used and the evolution of
the average molecular weight for each population is modeled
separately. The method of moments is utilized to find the
first three moments of MWD for each selected population.
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Finally, the combined effect of all three populations is uti-
lized to find the average molecular weight.

A balance of live polymer chains for each population can
be written by considering the rate processes influencing the
MWD

ndR � yk ni i i i ny1 nw xs � ny1 qk M R yRŽ . Ž .pp i iž /dt NA

�
j nw x w xq k M qk X R � ny1 yRŽ .� 4p Ýf m cta i iž /

js1

fk nt iny R 30Ž .i ž /V Nsi A

n Ž .where R denotes the amount in grmoles of live polymeri
chains with n radicals in the ith population. The first term
accounts for the entry and exit of the radicals, which have a

Ž .single monomer unit. Hence, the term � ny1 in the above
equation. The second term accounts for the propagation in
the particle, where the radical with chain length ny1 grows
to chain length n. The third term accounts for the chain
transfer events to both monomer and the chain transfer agent.
Here, k is the rate constant for the chain transfer to thecta

w xchain transfer agent, and X is the concentration of the chain
transfer agent. The final term accounts for the radical termi-
nation where the radical with chain length n terminates with
all possible radicals.

The zeroth moment of the live polymer chain is related to
the average number of radicals per particle and is given by
n rN . The moment transformation applied to the abovei A
equation yields the first moments for the live polymer chain
distribution

1d
 � yk ni i i i 0w xs qk M 
pp iž /dt NA

fkt0 1 0 1w x w xq k M qk X 
 y
 y 
 
 31Ž .� 4 Ž .pf m cta i i i iVsi

The second moments for the live polymer chain distribu-
tion of population i are given by

2d
 � yk ni i i i 0 1w xs qk M 
 q2
Ž .pp i iž /dt NA

fkt0 2 0 2w x w xq k M qk X 
 y
 y 
 
 32Ž .� 4 Ž .pf m cta i i i iVsi

A balance for the dead polymer chain can similarly be per-
formed as above. Here, the main events that lead to the for-
mation of dead polymer are the chain transfer to the polymer
and the radical termination in the particles. The amount of
dead polymer chains P n is given byi

n ndP fki tn j ny jw x w xs k M qk X R q R R 33Ž .� 4p Ýf m cta i i idt Vsi js 0

The equations for the first, second, and third moments for
the dead polymer chain distribution can be obtained as

d�0 fk 2i t0 0w x w xs k M qk X 
 q 
 34Ž .� 4 Ž .pf m cta i idt Vsi

d�1 fki t1 0 1w x w xs k M qk X 
 q 
 
 35Ž .� 4pf m cta i i idt Vsi

d�2 fk 2i t2 0 2 0w x w xs k M qk X 
 q 
 
 q 
 36Ž .� 4 Ž .p ½ 5f m cta i i i idt Vsi

The molecular weight averages can be obtained from the
Ž .moments of distribution. The number average MW andn

Ž .weight average MW molecular weights are obtained asw

n n n np p p p

1 1 2 2
 q � 
 q �Ý Ý Ý Ýi i i i
is1 is1 is1 is1MW s MW s 37Ž .n n n nn wp p p p

0 0 1 1
 q � 
 q �Ý Ý Ý Ýi i i i
is1 is1 is1 is1

The polydispersity of the polymer is obtained as the ratio
of weight average to number average molecular weight

MWw
PDs 38Ž .

MWn

The number of states in the model developed with the dis-
cretization of PSD noted earlier depends on the number of
populations. For the case with three populations, 26 states
are to be considered. Some of the parameters that are used
for the above model were validated at 50�C. Thus, the con-
trol studies are done by maintaining the temperature in the
vicinity of 50�C. However, the temperature dependence of

Žthe important parameters including initiation, propagation
.and termination are considered in this model.

On-line measurements. The availability of reliable on-line
measurements is very important for the successful applica-
tion of the nonlinear MPC. The density measurement is usu-
ally available quite readily in emulsion polymerization. A PSD
measurement is less commonly employed on-line, but is con-
sidered in this study. The measurements available in this pro-
cess are listed below.

� Density of reaction mixture: Density can be related to the
conversion of the instantaneous reaction mixture as

Mass qM0 add
� s 39Ž .l Vol qM r� y X M qM 1r� y1r�Ž . Ž .0 add m 0 add m p

� Reactor and jacket temperature
� Infrequent measurement of PSD: This is an important

measurement in the system. Capillary hydrodynamic fraction-
Ž .ation CHDF measurement of an unswollen particle size is

considered in this study. The sampling is not very frequent as
the measurement values are available with a delay due to the
complexity of the method. Both the frequency of sampling
and the measurement delay are assumed to be 10 min.
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End-Use properties..
� Melt Flow Index: This property is given by a correlation

Žwith the weight average molecular weight Bremner and
.Rudin, 1990 as below

30
MIs 40Ž .3.4 y18MW �10 y0.2Ž .w

� Tensile Strength: The dependence of the tensile strength
on the number average molecular weight reported in Bern-

Ž .sted and Anderson 1990 is used

1
8� s7390y4.51�10 41Ž .ž /MWn

� Weight A®erage Particle Diameter: Some of the end-use
properties of commercial polymers are dependent on the
particle size distribution of the polymer. The weight average

Ž .particle diameter D of the production is considered as aW
property, and controlled. This value is calculated from the
particle sizes of the individual populations as

Ý D Wis1 i i
D s 42Ž .w Ý Wis1 i

where D is the diameter of the ith population and W de-i i
notes the weight fraction of each population in the total poly-
mer.

State Estimation and NLMPC of Styrene
Polymerization
Parameter adapti©e extended Kalman filter

The emulsion polymerization process under study here is
characterized by infrequent PSD measurements that are
noisy. Also, unmeasured disturbances and the process model
mismatch enter during the batch. As the solid content in the
reactor increases during the batch, the heat-transfer effi-
ciency is reduced, which acts as an unmeasured disturbance.
A PAEKF is very useful in handling these cases. The selec-
tion of the estimated parameters is very critical in the perfor-
mance of the EKF. Usually, the parameters or states with the
greatest uncertainties are selected for adaptation. In the case
of emulsion polymerization, the average number of radicals
per particle is the important variable that affects the evolu-

Ž .tion of both particle size and molecular weight Liotta, 1996 .
Thus, the augmented parameters are biases added to the
three equations for the average number of radical per parti-
cle

dn f ki i ts� yk n y n q� , is1, 2, 3 43Ž .i i i i idt V Nsi a

The adapted parameters need to be selected such that the
augmented state space system is observable with the avail-
able measurements. For this, the number of adapted parame-

ters should not be greater than the number of measurements.
These parameters are estimated only when the PSD mea-
surements become available every 10 min. A two-time scale
filter is used in such a situation and a number of such studies
are reported in the literature. When only the frequent mea-
surements are available, the filter performs a closed-loop es-
timation with only the observable states, while the states re-
lated to molecular-weight distribution are estimated in open-
loop. When the delayed measurements of these states are
available, a full order filter is used to re-update all the states
at the earlier measurement time. This is then used along with
the most recent frequent measurements to update the state
values to the present. The additional details on the two-time

Ž .scale filter are available in Liotta 1996 and Liotta et al.
Ž .1997a . The process noise covariance for the filter is speci-
fied using the approach developed in Valappil and Georgakis
Ž . Ž .2000 . Valappil and Georgakis 2000 . The covariance for the
adapted parameters are obtained by trial with different val-
ues.

Implementation of nonlinear model predicti©e control
The nonlinear model predictive formulation discussed in

the subsection titled ‘‘Nonlinear model predictive control
formulations,’’ is used for control of the different end-use
properties of polystyrene. Three manipulated variables are
used in this study: the monomer addition rate, the CTA addi-
tion rate, and the coolant flow rate. The coolant flow rate is

(Figure 3. Effect of manipulated variables monomer and
)CTA addition on the three end-use properties

of polystyrene.
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predominantly used to control the temperature at around
50�C. This is achieved by considering the path constraints on
the temperature, and using these constraints in the NLMPC
algorithm. Temperature values five steps into the future are
controlled this way. The total amount of monomer to be
added during the batch is constrained and is pre-calculated
based on the recipe and the desired final PSD. Thus, the
total amount of monomer to be added during the batch is
constrained. This constraint is considered along with the tar-
get region constraint and the manipulated variable con-
straints in the LP and QP steps of the control algorithms.

In the application of Lagrange polynomial method for the
input parameterization of the future values of the input vari-
ables, two different types of manipulated variables are con-
sidered.

� (Inputs constrained by a pre-specified total amount for ex-
)ample, total monomer addition allowed . In this case, the in-

puts at equi-spaced points in time and the total time of addi-
tion are chosen as the parameters. This introduces a new

Figure 4. Reachable regions at the end of the batch at-
tained by varying the constant monomer addi-
tion rate and the CTA addition rate within their
acceptable range.

Figure 5. Comparison of traditional and target region
approaches in controlling two end-use prop-
erties.
The asterisk shows the end of the batch properties attained
by considering a control strategy that aims at a set point x at
the center of the region. Point o shows the end-use proper-
ties attained with the control strategy based on the target
region depicted by the parallelogram. Dotted points repre-
sent the reachable region calculated with the assumption of
a constant flow rate.

constraint in the problem in the form of the total amount of
a specific reactant to be added during the batch.

� Inputs not constrained by the amount to be added. In this
case, the parameters are the inputs at equi-spaced points be-
tween the current time and the end of the batch. For the

Ž .addition of the chain transfer agent CTA , four points are
considered in its parameterization.

The effectiveness of the control strategy is tested under
different disturbances and model uncertainties. These in-
clude the following:

� Mismatch in the concentration of the initiator in the
recipe.

� Mismatch in the parameter values of k and k .adj t
� Heat transfer fouling during the batch that reduces the

heat-transfer coefficient.
The above disturbances entering during the batch are all

unmeasured, and, hence, the NLMPC controller would rely
on the information from the state estimator for finding the
control actions. The interest here is to study the effectiveness
of the target region control approach in handling these dis-
turbances. Also, the advantages of using the target region
compared to a fixed set point needs to be examined. Apart
from these, the comparison of the min-max and the succes-
sive linearization method for the solution of the problem is of
interest.

Results
The effect of the two available manipulated variables,

monomer and CTA, on the three end-use properties of the
final polymer product are shown in the Figure 3. This plot
can help identify the manipulated variable that can change a
property in a desired direction. For the control of melt index
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Figure 6. End of the batch properties for control of ten-
sile strength and weight average particle di-
ameter.
Point 1 shows the point with open-loop profile in the pres-
ence of disturbance, 2 shows the point with target region
approach, and 3 shows the point with conventional mini-
mization approach.

and tensile strength, the CTA addition needs to be manipu-
lated, as this has a significant effect on these properties.
However, it affects the conversion adversely, and thus the ad-
dition of CTA is constrained with an upper limit, which is
.001 grmolrmin. The monomer addition rate increases both
the average molecular weight and the average particle size at
the end of the batch, although the effect on molecular weight
is not as pronounced as it is on the particle size.

The reachable regions using a constant addition rate of the
monomer and chain transfer agent are shown in Figure 4.
The addition rates for a monomer vary from 10 grmolermin
to 35 grmolermin, and for the CTA varies from 0 grmolrmin
to 1.0 grmolrmin. Two important things are to be noted about
these reachable regions. First, the end-use properties appear
to be very correlated, as they are all affected by the same
kinetic mechanism. Also, the reachable regions tend to be
substantially nonconvex. The above regions are seldom avail-
able a priori due to the computational effort involved in ob-
taining them and the fact that they are modified by the pres-
ence of nonstationary disturbances. It needs to be noted that
the reachable regions depicted in Figure 4 were determined
assuming the constant flow rate with the addition of a
monomer and CTA. They could be denoted as constant flow

Ž .reachable regions CFRR . They only represent a subset of
the reachable regions that can be obtained if all possible flow
rate profiles in time are allowed.

The advantages of using a controller that aims at a target
region over a controller that aims at a single set point is
demonstrated in Figure 5. Here, the CFRR, denoted by the
dotted points, is quite nonconvex and intersects the target
region at one corner. The set point chosen for this compara-
tive study is at the center of the target region, which is inside
the CFRR. It is not known a priori whether it is reachable
with a more complex flow profile. A weighted minimization
objective is used for finding the control moves using sequen-
tial quadratic programming. This approach results in the con-
troller finding a local minimum at some boundary point of
the reachable region. Thus, the controller cannot ensure that

it achieves a point within the target set. This can happen
whenever the desired set point is not within the reachable
region. This demonstrates that considering the desired end-
use property region, the NLMPC can reduce the possibility
to failing to meet product specifications.

The control of two end-use properties of interest, weight-
average-particle-diameter and tensile strength using the
monomer flow and the coolant flow rate, is shown in Figure
6. The CTA flow is fixed at 5�10y5 molrmin and an initial
W value of 0.66 is used. The mismatch in the parameter kp adj
is considered, whereby the model value of this parameter is
25% higher than in the actual process. As a result, the actual
end of the batch properties attained without any compensat-

Ž .ing control action Point No. 1 in Figure 6 is outside the
specifications for the weight average diameter. Point No. 2 in
the same figure is attained with the target region controller.
The monomer addition rate is increased to appropriately ac-
count for the mismatch and the product specifications are

Figure 7. Time profiles corresponding to Point 2 of Fig-
ure 6.
The three adapted parameters are shown in the plots on the
left. The monomer flow and coolant flow are given in plots
on the right along with the average number of radicals per
particle.
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Figure 8. End of the batch properties attained using
CTA flow rate as the manipulated variable.
Point 1 shows the properties that the controller predicted
would be achieved, Point 2 shows the point that was achieved
with the target region controller and Point 3, the properties
with open loop policy.

Ž .achieved Figure 7 . The traditional MPC controller using the
center of the target region as the desired set point could not
succeed in making the end-use properties be inside the target

Ž .region point No. 3 in Figure 6 . The monomer flow rate in
this case is depleted towards the end of the batch, and, thus,
the average number of radicals per particle drop at that time.
The coolant flow rate associated with this batch run is also
given in the Figure 7. The controller successfully maintained
the batch temperature within the constraints demanded,
which is 50�0.5�C.

Another case study for control of the melt index and ten-
sile strength is shown in Figure 8. Here, the CTA addition
flow rate is primarily used to control the properties, and a
fixed monomer addition of 10 grmolrmin is used throughout
the batch. A triangular target region is considered as the con-
trol target. The disturbance in this case is a mismatch in the
initial concentration of the initiator. This mismatch is such
that the model assumes that the initiator charged in the recipe
is 30% more than what is actually present in the reactor. The
effect of this mismatch is an increase in the tensile strength
of the actual product, resulting in the end-of-batch properties
shown in point 3 of Figure 8, outside the target. With the
target region controller, the point 2 is achieved, which is well
within the specifications. Note that the controller actually in-
tended to attain the two properties at point 1, but the distur-
bances moved it to the point 2 instead. This point is closer to
the boundary of the region, but is still within the product
specifications.

ŽThe attempt to control three properties tensile strength,
.melt index, and weight-average-particle-diameter at the same

time using the CTA addition as the sole manipulated variable
is demonstrated in Figure 9. Here, the reachable region is a
1-D line that passes through the target region. A mismatch in
the initial concentration of the initiator is introduced. The
initiator concentration used in the model is 30% less than

Figure 9. Control of the properties in a region using CTA
as the manipulated variable.
Point 1, open-loop policy, Point 2, using set point approach,
and Point 3, using proposed target region controller. Mis-
match is in the initial initiator concentration.

that in the process, and this causes the tensile strength speci-
Ž .fication to be violated Point 1 in Figure 9 . The adapted

parameters in EKF are shown in Figure 10. They assume
positive values to appropriately account for the decrease in
the values of an average number of radicals per particle. The
controller decreases the CTA addition rate until the zero flow
constraint is reached at around 260 min. This way, the end of
the batch properties are controlled within the target region
Ž .Point 3 of Figure 9 . The end-use properties that are at-
tained using the conventional approach set point target are
shown in point 2 of Figure 9. Again, the center of the target
region is chosen as the set point for the minimization objec-
tive. The tensile strength specification is not met in this case,
due to the nonconvex nature of the reachable region.

The effect of an additional disturbance entering during the
batch, on the control of three properties is shown in Figure
11. Here, the disturbance considered is reactor fouling, which
occurs at ts100 min. This is in addition to a mismatch in the
initiator charge previously considered. This reduces the
heat-transfer coefficient and results in an open-loop value of
properties that are characterized by point 1 in Figure 12. The
values of end-use properties that are attained using the tar-
get region controller is point 2, which is outside the target
region. The CTA addition reaches the lower bound of zero,
and remains there. Hence, the controller is not able to reach
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Figure 10. Three adapted parameters from EKF on the
left.
CTA addition used for control is shown on the right, along
with conversion and average number of radicals per parti-
cle plots.

the target region specifications in this case. The solution to
this would be to either enlarge the region or to use a differ-
ent additional manipulated variable, thus expanding the
reachable region so as to interest the target region.

The above case study of controlling the above three prop-
erties was repeated with both the monomer addition and the
CTA as the manipulated variables. This expands the reach-
able regions significantly, and the controller is able to bring
the properties to the desired region. The end-use properties
attained at the end of the batch in this case is shown in point
2 in Figure 12. The three adapted parameters are also shown
in Figure 13 These parameters take positive values to in-
crease the average number of radicals. The CTA flow rate is
used primarily at the initial stages of the batch for control,
but hits the lower constraint in the middle of the batch. The
controller then manipulates the monomer addition to bring

Ž .the properties to the desired target region Figure 13 .
The comparison between the two optimization formula-

tions examined here, the min-max method and the target

Figure 11. Control of 3 end-use properties with an addi-
tional disturbance, heat-transfer fouling.
The open-loop properties are shown in point 1 and the
properties attained using target region control, at point 2
in the top plot. The CTA addition is given in bottom left
plot, the controller does not have enough freedom to bring
the properties to the target region.

control with successive linearizations, is shown in Figure 14
and Table 3. Here, two aspects are studied, the computa-
tional requirements and the convergence properties. The av-
erage time requirement in seconds at each control execution
for the methods is shown in Table 3. The min-max method
takes significantly longer to converge, as can be seen from
these results. Another important feature, the convergence of
the algorithm, is sketched in Figure 14. This figure shows the
approximate boundaries of the region of convergence, the
initial guess from where the algorithm can start and still find
the solution to the end-use property control problem. The
controller was started with initial guesses for two input vari-
ables at the grid points. These boundaries are only approxi-
mate, as a rigid demarcation of this property is not possible
without a substantial number of trials. As can be seen from
Figure 14, the target region linearization method has a larger
region of convergence than the min-max method.
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Figure 12. Control of 3 end-use properties with manipu-
lation of both monomer and CTA addition.
The desired target region is attained in this case with
closed-loop control, as shown in point 2. The effect of dis-
turbances in this case is to move the end-use properties to

Ž .point 1 open-loop case .

Conclusions
In this article we have formulated a nonlinear model pre-

dictive controller for the control of end-use properties so that
they fall within a target region. The change of attention from
molecular to end-use properties used here fits well with the
recent emphasis on customer driven manufacturing. The is-
sue of inadequate degrees of freedom to control all the
molecular or end-use properties is handled with this ap-
proach. This framework requires the use of a static or dy-
namic model that relates the molecular to the end-use prop-
erties.

The formulation of the control problem in terms of a tar-
get region, instead of a set point target, was found to be ben-
eficial from several viewpoints. First, the ability of the con-
troller is enhanced, as it handles processes with nonconvex
reachable regions. This was demonstrated for the case when
the set point is not inside the with nonconvex reachable re-
gion. In such a case, the presence of local minima result in
the failure of a conventional controller to achieve a product
with properties within the desired ranges. A better selection
of the set point target is not feasible as the reachable regions
are not known a priori and depend on the active distur-
bances. Furthermore, the reachable regions are nonconvex
and depend nonlinearly on the operating conditions of the

Figure 13. Two manipulated variables on the right.
The CTA Flow hits the lower constraint in the middle of
batch. The monomer addition is manipulated later on in
the batch to control the properties. The three adapted pa-
rameters are shown in the left plots.

batch process. Even in the absence of disturbances that mod-
ify the reachable regions on-line, their calculation is a very
intensive computational task.

The formulation of NLMPC with a target region necessi-
tates the introduction of suitable optimization techniques for
this problem. The method proposed is based on the work of

Ž .Mayne and Sahba 1985 and utilizes successive linearizations
to solve the inequality optimization problem. Its advantages
over the min-max method were also demonstrated. It is seen
that, both from the computational point of view and from
convergence considerations, this algorithm performs better
for the end-use property control.

This NLMPC for end-use property control within target
regions was tested in the presence of unmeasured distur-
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Figure 14. Comparison of convergence properties of
the min-max and successive linearization ap-
proaches.
Initial guesses marked the circles indicate the convergence
of both methods, while those marked with a square indi-
cate convergence of successive linearization approach.

Table 3. Average Computational Time Required to Calculate
Control Moves for the Min-Max and Target Region Methods

for Different Control Case Studies

Min-Max Succ. Lineraiz.
Ž . Ž .Controlled End-Use Properties s s

Tensile Strength, Avd. Dia. 1.93 0.41
Tensile Strength, Melt Index 2.21 0.56
Tensile Strength, Melt Index, Avg. Dia. 2.87 0.71

bances and model uncertainties. The PAEKF scheme used is
found to be very efficient in handling both parametric uncer-
tainties and unmeasured disturbances. The methodology pro-

Ž .posed by Valappil and Georgakis 2000 for specifying the
state noise covariance matrix for the EKF was also very use-
ful, as the state vector dimension in the example is very large.
Trial and error tuning of these values is bound to involve
significant efforts.

The end-use properties that are considered are of the same
magnitude in the example problem studied here. If the mag-
nitudes of the properties are very different, it would be nec-
essary to scale them appropriately to improve the numerical
properties of the algorithm. This can be achieved in different
ways, including using the ratio of the end-use property to an
average value or a bound.

The objective of the control method presented here was to
find the inputs that would bring the end-use properties to the
interior of the target region. The concepts and methodolo-
gies developed here are very relevant for the application
studied, since product quality is of primary importance in
emulsion products. The challenging features that character-
ized the styrene polymerization process include highly non-
linear dynamics, insufficient measurements, unmeasured dis-
turbances, and process-model mismatch. A realistic scenario
where the end-use properties depend on both particle size
and molecular weight components was studied here. Even
though the model used here for the on-line control has 26
states, the execution time for state estimation and NLMPC
was found to be very reasonable.
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